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1 , J. Clef i n i 1 1 ons 

A GhapG ciraiiiiiiar, SG, is a 4-tuple : SG = <Vt,Vni,R,I> where 

(1) Vt is a finite set of shapes. 

(2) Viii is a finite set of shapes such that Vt* n Vm* = 0. 

(3) R is a finite set of ordered pairs (u,v) such that u 
is a shape consisting of an element of Vt* combined 
with one or more elements of Vm and v is a shape 
consisting of an element of Vt* combined with zero 
or more elements of Vm, 

• (4) I is shape consisting of an element of Vt* combined with 
one or more elements of Vm. 

Elements of tlie set Vt are called terminal shape elments (or terminals). 

Elements of the set Vm are called non-terminal shape elements (or markers). 

Elements of tl'ie set Vt* are formed by the finite arrangement of an element 

or- elements of Vt in which any element of Vt may be used a multiple 

number of times in any location, scale, and orientation. 

The set Vm* is defined similarly. 

The sets Vt* and Vm* must be disjoint. (For example, Vt could contain 

a straiglrt line as its only element and Vm could contain a circle as its 

only element.) Elements (u,v) of R are called shape rules and are 

i-iritten u -> v. u is called the left side of the rule; v the right 

side of the rule, u and v usually are enclosed in identical dotted 

rectangles to show the correspondence between the two shapes. 

I is called tl"ie initial shape and normally contains 

a u suci"! that there is a (u,v) which is an element of R, 

A shape is generated from a shape grammar by beginning with the 
initial shape and recursively applying the shape rules. The result of 
ap|.T lying a sl"iat:)e rule to a given shape is another shape consisting of 
the given shapje with the right side of the rule substituted in the 
shtape for an occurrence of the left side of the rule. Rule application 
to a shape proceeds as follows ; 

(1) Find part of the shape that is geometrically similar to 
the left side of a rule in terms of both terminal and 
non-term i na I el ements. 

(2) Find the geometric transformations (scale, translation, 
rotation, mirror image) which make the left side of the 
rule identical to the corresponding part in the shape. 

(3) Apply tl"iose transformations to the right side of the rule. 

(4) Substitute the transformed right side of the rule for the 
[lart of the shape which corresponds to the left side of 

tl'ie rule. 

riip. neiicrat i Qti t:irocess is terminated when no rule in the grammar can 

l)e a|j|") I i ed. 
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K(ir ant] gis^en shape graniiiiar, the dimensionality of the shapes in 
Vm anri Vt nnd of the geometric transformations used to combine these 
D h ■• 1 1 :i c; 5 rn 1. 1 g t l:i c c o n g t a n t . T h is number is called the dimensionality 
of llie Ghaijo gi-aiiimar. While three-dimensional shape grammars have 
Ih-'-mi used l:o generate sculpture [Stiny and Gips 1972], in this report 
only tiiO'di hienfjional shape grammars are considered. All elements of 
Vt and Vm n i I I l;)e tno-d i mensi ona I and all transformations will be planar. 

Tlie sentential set of a shape grammar, SS (SG) , is the set of 
shajje b- ( sen 1 en t i a I shapes) uh i ch con ta i ns the initial shape and a I I 
r-;|-i'i|-ies gener-atabie from the initial shape 

LiGinq tlie Gl-i-:i|ie rules. The language of a shape grammar , L(SG), 
is the Get of cententlal sets that do not contain any markers, 
I.e., L(SG) - SS(SG) n Vt*. 

Tgrjes of Ghcifie grammars can be defined by putting further 
i-oGtr i ct i onG on the allowable form of shape rules. Two types of 
G|-ia|:)e ni"f'iiiiii'^fi -^ non-erasing shape grammars and uni marker shape 
cjrainiiiars, are especially useful. 

A non-erasing shiarje grammar is a shape grammar in which the 
G lenient of Vt* that appears in the left side of each rule appears 
identical I y in the right side of that rule. The result of this 
r-estriction is l:hat once a terminal is added during the generation 
(:!roc:Hss using a non-erasing siiape grammar, it canot be erased, 

A uni marker chape grammar is a non-erasing shape grammar in 
i-ihich tl'ie initial shape contains exactly one marker, the left side 
of eaci) rule cotiLains exactly one marker, and the right side of each 
rule contains zero or one markers. The result of this restriction is 
that each sentential shape of, a unimarker shape grammar that is not in 
the language of the shape grammar contains exactly one marker. 
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1.2 ExaiiiplBs 

In thiiG scict Ion some examples of the use of shape grammars in 
L I e fin i n g v a i- i o u s s li a [:) e s i s 

Mxaminecl. F-irst, four simple, related shape grammars are presented 
for |;ie-dagay I ca I purposes. Next is a shape grammar that generates a 
lannuagc of revoi-sible figures. In the third part of this section, the use 
of cl-iapc grainmarc in defining shape-filling curves is explored. 
i' Ilia My, a iiKyt.lvjd for constructing a shape grammar for an arbitrary 
1 1. 1 r i n c j 111 a c h i 1 1 e i s p r e s e n t e d . 
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1 , 2 . 1 E 111 Id e cl cl e cl s c] u a res and triangles 

A very ciiiiplc (uni marker) shape grammar, SGI, is shown in 
r'icjure la. Vt contains a square as its only element. Vm contains 
a circle as its only element. There are two shape rules. The initial 
slia|:)B contains a square inscribed by a circle. 

The goncration of a shape in KSGl) is shown in Figure lb. Because 
tiie ti-io shape rules in SGI contain identical left sides, the two shape 
rules are applicable in identical circumstances, i.e., 
iiher-ever there is a square inscribed by a circle. 

Ap|:) I icat ion of rule 1 to a shape results in the addition of an embedded 
cquare and the shrinking of the marker. App I icat ion of rule 1 forces 
the continuation of the generation process as both rules are applicable 
to the new sentential shape. Application of rule 2 to a shape results 
in the addition of an embedded square and the removal of the marker, 
tliorcby I'lalting tlie generation process. In the generation shown in 
Figure lb, tl"ie process is begun with the initial shape, rule 1 is applied 
tl'iree times, and then rule 2 is applied. The language defined by SGI 
I e shown i n Figure Ic. 

A somewhat cimilar shape grammar, SG2, is shown in Figure 2a. 
The generation of a shape using SG2 is shown in Figure 2b. 
Uhere in the generation process using SGI squares are succesively 
inscribed, using SG2 squares are successively circumscribed. 
The language defined by SG2 is shown in Figure 2c, 
Note that the area contained in the shapes in KSGl) is constant, 
where the area contained in successive shapes in L(SG2) doubles. 

T[-)e fMiriiose of the marker in these two examples may not be apparent. 
ThiR use of tlio marker makes the rules applicable only to the most recently 
added square. If the marker were not used, rule 1 could be applied 
over- and over to the same square. The importance of markers is 
further illustrated by the next two examples. 

The :riiia|:ie grammar SG3, shown in Figure 3a,. Is similar to SGI 
but enibcfls triangles instead of squares. The placement of the marker 
in the ricjht side of rule 1 insures that triangles can only be 
1 iif-u:::r 1 L)ed in the center triangle of the four triangles that are 
aricied. The language generated by SG3 is shown in Figure 3b. 

In tl'ie shape grammar SG4, shown in Figure 4a, the right side of 
rule 1 cental lis four markers. This rule allows triangles to be 
i riser i Ijed sul>sec|uent I y in any of the four added triangles. 
I. (SG3) 1 y a sina I I subset of 

tl'ir; iringuaqe generated by SG4 (see Figure 4b). Other languages of 
inscribed triangles can be generated using shape grammars with different 
configurations of markers. Markers are important because they restrict 
ruin a|:)pl i cat ion to specific parts of a shape and help determine the 
ir'annformat ions (eg., scale) allowable in applying the rules. 
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1 , '2 . ?.. Revel" s i 1;) I e f 1 gur e 

A nei-i revi-ir-'oi b I c figure [Qips 1972], similar to the Necker cube, 
tl'ie Schroecler rever-sible staircase, etc. [Luckiesh 13B5] is shown in 
Figure 5a. The figure can represent two different three-dimensional 
nl3jects. The central three lines can be perceived either as outer 
(convex) ecigcG of a cube or as inner (concave) edges where a cube 
i-iac cut from tl'ic closest corner of -a larger cube. Either the outer 
i-ialls of the object appear to have width and be solid or the outer 
iiallt; a|:)|;iear to have no width and be infinitely thin. 
A variation is shown in Figure 5b. 

A chapG grammar, SGG, that generates these figures is shown in 
['igure Ga. The shape grammar is similar to SG2; with each additional 
ap|:) I i cat i on of rule 1, a new and larger terminal is added around 
th(-'. outside of the shape. The language defined by SGG is shown in^ 
Figure Gb. Fach shape in L{SG6) is a reversible figure. 

As a sliort digression, it is interesting to analyze these reversible 
f i gui-es i n ler-ms o f a contemporary compu ter v i s i on a I gor i thin. I n par t i cu I ar , 
1)011 does Huff man' B algarithim for Interpreting 

two- climenGi ona I figures as three-dimensional objects [Huffman 19711, 
[Duel a and [lart 137x1 interpret 

tliese reversible figures ? Are the figures reversible (ambiguous) for 
thib algoritlim ? Implicit in Huffman's algorithm is that all ojeCts have 
d i ficei-ni b I e widtli. TItus for this algorithm the figures are not ambiguous. 
Only one interpretation of Figure 5a is possible and only one interpretation 
of Figure 5b is possible. But the two interpretations are different ! 
All Fines that are interpreted as convex in Figure 5a are interpreted as 
concave in Figui-e 5b and vice versa. The Huffman labeling of Figures 5a , 
and 5b are given in Figure 7a and 7b. 

Fol lowing Huffman, a " + " denotes a line interpreted as a convex line in the 
thrce-di liiensi ona I object, a "-" denotes a concave line, and an "-»" denotes 
a convex I i ne w i th .... 
Because for the algorithm all objects 

hiave widthi, the convexity or concavity of the central lines of these figures 
is determined by the number 

of surrounding hexagons (i.e., the number of times rule 1 was applied in 
the generation of the shape). If the number of hexagons is odd, as in 
Figure 5a, the three central lines are interpreted as convex by the algorithm. 
If the number of hexagons is even, as in Figure 5b, the three central lines 
are interpreted as concave using Huffman's algorithm. 
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l./'.3 [1ath(-^iiiat i ca I cui-ves 

Gl'i;)|:)c grarmiiai-G can be used to define a number of classical 
niatl-if-'iiiat i ca I curves. Previously, these curves were defined either 
ana I y 1. i cal ly or Ixj displaying instances of the curves and giving informa 
l.aiqlirih descr i );) t i ons. Shape grarniiiars provide a method for the precise, 
ri I fjot i thiini c ri|;)eci f i cat 1 on of these curves that at the same time yields 
InciyhtG about the construction of the curves. 
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1 . 2 . 3 . 1 Snow f I ake curve 

The flrcit six stages, SI ~ SG, of the Snowflake curve [Kasner and Newman 13G5] 
are shown in Figure 8. The Snonflake curve is interesting because in the 
limit, the area enclosed by the curve is finite while the length of the 
curve is infinite. (In the limit, the area of the curve is l.G times 
tlio area of the original triangle. At each successive stage, the length of 
the curve increaoG-rby a factor of 4/3. Clearly, (4/3) tn does not converge 
as n i ncreases. ) 

A first approximation of a shape grammar for the Snowflake 
curve is shoim in Figure 9a. Note that the right side of the first shape 
rule containG ti-io markers and that the initial shape contains three markers. 
The qener-ation of a shape using SG9 is shoun in Figure 9b. 
Rules 1 and 2 are applicable under identical circumstances. They 
are applical:)ie at three different places in the initial shape, at four 
different |:)lacGs in the next shape, etc. 
Application of rule 1 to part of a shape 
resultB in the eanUnuation of the generation process 

in Uiat part of the shape; application of rule 2 halts the generation process 
in tl'tat jiart of thie shape, 

Ag. the qoneration process can proceed to di fferent .depths in different parts 
of tlie shape, the language defined by SG9 includes not only the completed stages 
(if llie Snoi-rflake curve (SI, S2, ...), but also many intermediate curves 
-I i 111 i I ar to the shape generated in Figure 9b. 

l-or a ?hape grammar to define a language containing only 
coiii|;'leted stages of the Snowflake curve, it cannot allow the generation process 
to iji-oceed independently in different parts of the shape. 
Tiio generation process must be controlled to generate the shape uniformly. 
A shape qrammar, SG10, that generates just the curves SI, S2, ... is 
r.MToun inFiqure 10a, The generation of S2 using SG10 is shown in Figure 10b. 
Tlie 'otrateqq implicit in SG10 is to trace around the shape (using rules 1 and 2), 
expanding lines as the trace proceeds. The asymmetry of the marker forces 
tin! qeni-ation |-irocess to always proceed counter-clockwise around the shape. 
Ulienever a complete trace is made, the generation process 
can eitlier l:>e lialtcd (by applying rule 4) or allowed to proceed 
(ijq applLjinu rule 3) for at least another complete trace. 

R'iilc ':. is only ap|:)licable to the initial shape. Without rule 5, the language 
ijoii I (i not i nc I ucie Si . 
[hnr.-. maLi i-ie II he nhape grammars that are simpler than SG10 that generate 

ni, l;2, ... 
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.1. . 2 . 3 . 2 Peano ' s curve var 1 a t i on 

this section neecio work I 

Peano' s curve [Peano 1890] is- a curve that passes through every point 
of tl-ie unit square. Peano defined the curve analytically, roughly in terms 
of a parameter- t that varies from to 1 and continuous functions a(t) and 
|3(t) defined such that for every (x,y) where < x,y < 1 there exists 
a t with a.{t)-x and 0(t)=y. Moore [1900] represented Peano's curve 
(jeoinetr ica 1 1 y as the limit of a series of curves made up of polygonal arcs. 
tl'te first curve of the series passes through the center of the unit square. 
Next, the unit square is subdivided into nine equal squares; the second 
curve of the series passes through the center of each of these subsquares. 
The third curve passes through the centers of each of the 81 subsquares 
o f t li e unit s cj u a r- e , e t c . 

A new variation on Peano's curve is illustrated in Figure 11. The 
first three polygonal curves of the series are shown with the unit square. 
The centers of the subsquares that the curves pass through are marked 
with dots. Tl-iis curve differs from Peano's curve in terms of the order 
that tl'ie curves |;)ass through the subsquares. 

A sliape grammar, SG12, that generates exactly this series of curves is 
Bhoi-in in Figui^e 12a. 

Examination of tl'ie curves reveals that each section of a curve that 
passes tlirough a subsquare is identical to either the terminals in the 
left side of^-'ule 1 or the terminals in the left side of rule 2 (or their 
mi rror i mages) . 

The effect of applying either rule 1 or rule 2 is to replace the section of 
a curve thiat passes through (the center of) a square with a curve that passes 
through (the centei-s of) the nine subsquares. 

The center of the marker in the left sides of rules 1 and 2 shows the exact 
location of the beginning of the bottom edge of the terminals added in the 
r ■ i g h t s i d e s o f t h e rules. 

As i-iitl"i tlie (jeneration of the Snowflake curves using SG10, 

the qcneration, using SG12, of the nth curve in this series involves the succesive 
generation of the first n-1 curves of the series. The generation of the third 
curve (see Pigure 11) is shown in Figure 12b. 

13o th ru 1 e 3 and ru 1 e 4 are app I i cab I e to the initial shape. If rule 4 is 
ripplied, tl'ie qeneration terminates yielding the first shape in the series. 
If rule 3 is applied, as in Figure 12b, the generation is forced to continue. 
Appi i i cat i on of 

ll'ie generation proceeds bg expanding (using rule 1 or rule 2) each successive 
sHclion of tiie current curve. When the last section of the curve is reached 
i.e., when the markei" reaches the the edge of the unit square, the generation 
is either halted (by applying rule 4) or forced to continue (by applying rule 3) 
for- another complete trace back along the just generated curve. 
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1 . 7. ;-;. ;'-! H i 1 1:)^!' t ' b curve 

Miiljert's curve [Noorc 1900] is the best known space-filling curve 
unci has ;jtJ|Dnarccl in the popular literature of both mathematics [Hahn 1354] 
niKi art IMunar i 19G5] , frequently labeled erroneously as Peano's curve. 
riip f.crjuonciR of cur-ves, Hi, used in the definition of Hilbert's curve is 
siiiiilar to thie r,er|uencc Pi for Peano's curve, but is generated by 
recurs 1 vc 1 1| cubci i vi d i ng the unit square into four subsquares rather 
Ihan nine. Curves HI, H2, H3, and HG are shown in Figure 13. HI passes 
tlii'uiirih tli(3 four subsquares of the unit square, H2 through the sixteen 
suij:-;c]uarca, etc. Thie subsquares have been added to the drawings of HI and 
i 12 an a convenience to the reader. 

A Bha|:)e qraiiiiiiar, SG14, that generates just the sequence of curves Hi 
is 'sitoiin in Kiqur-e 14. In the generation of curve Hn using SG14, 
cur-vf;c 1 1.1 ... lin-l are first generated, 

Tlie oencratinn of H3 using this shape grammar is shown In Figure 15. 
Ihe gr-aiiiniar contains two markers, a curved diamond 

and a circle. The diamond is used to mark the endpoints of the curve during 
i;he. qenei'ation process. This is necessary because the locations of the 
enfl|:)ointn of curve Hi is different than the locations of the endpoints of 
curve lli-1 and tliere are no convenient landmarks. 

Tlie circle ic used to trace around the curves. The grammar contains seven 
shajje rules. Rule 1 is used at the beginning of the eneration of each Hi 
l.n expand tl-ie section of the curve in the initial subsquare. Rules 2 - 4 
rirc tl'ie coi"-e of the shape grammar; they are used to successively expand 
ilie 
-a. 1 1 
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section of the curve contained in all but the initial and final 
squares. Rule; 5. i s .used at the end of the generation of each Hi to 
and the sect i on 'of • the curve in the final subsquare. Ru I e G is an 
ernative to- rule 1; application of rule G causes the erasure of 

circle marker and one of the diamond marker and results in 

end of the generation process. Rule 7 is used to erase the diamond 
ker not erased by rule G. While rule 7 is applicable at each step in 

generation, if it is applied prematurely the generation comes to a 
d end as it becomes impossible to apply rule G and thereby erase the 
cle marker. The language defined by SG14 contains exactly the curves Hi. 
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